We study the geodesics of a five dimensional non-asymptotically flat dilatonic 2-brane. Although the metric's warp function diverges logarithmically in the far field region of the transverse space, the curvature does not. The brane has two naked singularities, the usual central singularity and a circular singularity at the radius where the warp function vanishes. This creates two causally disconnected regions of the transverse space. Using the methods of energy conservation and effective potentials we study the null and timelike orbital and radial geodesics in both regions and show that they exhibit opposing energy requirements.
I Introduction
The concept of asymptotic flatness in physics is a time-honored principle usually imposed on gravitational solutions as a way to define isolated and closed systems. Nevertheless, non-asymptotically flat spacetime solutions exist in various theories of gravity, supergravity and string theory. There are too many of them to simply dismiss as nonphysical, and yet very little literature exists on their properties and interpretation (for example see Refs. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12] ).
Some of these exhibit nonvanishing curvature at infinity, while others, while endowed with nonasymptotically flat metrics, are well behaved at infinity. To our knowledge, there does not seem to be any literature on the geodesic structure of either types, which is bound to be interesting, and hence our work purports to fill an important gap in our understanding of such spacetimes. In our case study here, we investigate the geodesics of a 2-brane in five dimensional N = 2 supergravity theory endowed with a metric that diverges logarithmically at radial infinity [13] , although its curvature does not. Far from being an exotic solution designed specifically to be non-asymptotically flat, this 2-brane arises from the dimensional reduction of M2-branes over a Calabi-Yau submanifold. Furthermore, its properties are very similar to another non-asymptotically flat 2-brane, found in the same work, that arises from four intersecting M5-branes wrapped over special Lagrangian cycles of the Calabi-Yau space, which we plan to study in future work. The fact that these solutions are directly related to M-branes in D = 11 is another reason why it is important to study their properties and geodesic and causal structures; a task we begin in this paper.
The 2-brane studied here carries a real charge that can be either positive or negative, giving two different metrics, and both have the interesting property that they change signature over two regions of the two dimensional space transverse to the brane, introducing what seems to be two extra time dimensions 1 . For the positively charged solution, this is the inner region, while for the negative charge it is the outer region. In our case, the two regions are causally disconnected, and the effect their presence has on the geodesics is that they seem to be inverted with respect to each other in terms of the allowed test particle energies. While it is possible to dismiss the "inverted" regions as unphysical, or at least abandon the interpretation of geodesics as particle trajectories, they do arise as a direct result of the logarithmic nature of the metric, which in turn follows from the dimensional reduction of M-branes.
II General properties
The 2-brane subject of this study was originally found in Ref. [13] and is the result of the dimensional reduction of a single M2-brane down to five dimensions over a rigid Calabi-Yau manifold (Hodge numbers h 1,1 = h 2,1 = 0). The brane's metric in the Einstein frame
is characterized by the warp function f (r) = m + q ln (r), being the solution of the radial twodimensional Laplace equation in the transverse space (r, θ). The real integration constant m is the value of f at r = 1. Without loss of generality, we will set m = 1. The constant q may in principle acquire positive or negative values and we will explore both cases. It can be argued that the brane's mass density is in fact proportional to q 2 , as briefly outlined below. The brane couples to the four scalar fields of the universal hypermultiplet, and hence it is a dilatonic solution. In fact, the warp function is directly related to the dilaton as discussed in Sec. VII.
The warp function f (r) bestows on the brane two interesting properties: the first is the nonasymptotically flat nature that inspired this work in its entirety, and the second is the fact that it causes the metric signature to change from "−, +, +, +, +" to the unusual "−, +, +, −, −" at the radius r = R b = e 
We note that all of these are in fact well behaved at radial infinity, while they diverge at r = R b , where f → 0. The circle r = R b is then a naked spacetime singularity. It separates the transverse space into two causally disconnected regions r < R b and r > R b . The geodesics are then expected to be discontinued at that boundary. Now since f (r) diverges at infinite r, it is rather difficult to rigorously define the mass density of the brane; however, since it is necessarily proportional to G tt , one sees that it is dependent on q 2 , so the brane's mass density should be positive for any real value of q. If one wishes to explore this in more detail, the so-called 'quasilocal mass' may be investigated [15] . The geodesic equations
lead tor
where an overdot represents a derivative with respect to λ: an arbitrary affine parameter in the null case, or the proper time in the timelike case. Now consider the Lagrangian L of the geodesics:
Clearly, the parameter θ is cyclic, signalling the first integral
where the constant is the angular momentum parameter. This can be used to further reduce (4) to the single equationr
The nature of r = R b is immediately obvious from (4) or (7) sincer,θ ∝ f −1 and as such diverge at R b . As the equations of motion are highly nonlinear, we will attempt mostly numerical solutions with various initial conditions. For the simpler case of the radial geodesics ( = 0), it is actually possible to find an analytical solution, as we will see.
III Orbital effective potential
It is quite instructive to first study the Newtonian effective potential. We will see that it has an interesting anomalous behavior as a direct consequence to the signature flipping singularity
q . The other first integral of (5) is found by first calculating the conserved temporal conjugate momentum
and substituting in the normalization condition
where ε is zero for null geodesics and −1 for timelike geodesics. This gives
where the constant E is taken to define the total energy. Now, sinceṙ 2 cannot be allowed to become negative, we interpret the second term of the right-hand side of (10) as the Newtonian effective potential, so
Note, however, that the presence of f allows the kinetic term fṙ 2 to become negative which results in an upside-down effective potential in the inner region r < R b (this is for the case q > 0 -for the case q < 0, the upside down potential occurs at r > R b ). Essentially, the quantitẏ
must remain positive for all allowed geodesics. For the outer region r > R b (q > 0) this is not a problem since both f and V ef f are positive so geodesics can exist for all values E ≥ V ef f . On the other hand, in the inner region r < R b , both f and V ef f become negative which implies that the allowed geodesics must have values E ≤ V ef f . In other words the effective potential is inverted for the inner regions, as shown in Fig. (1.a) , where we have also included a plot of f (r) for reference.
For the case q < 0, Fig. (1.b) , the inner region is where the potential is "right-side up" and the argument is reversed. Since the shaded regions are forbidden, geodesics in the inner region can never connect to infinity and vice versa. As we will see, radial "infall" geodesics will exhibit similar properties, as would be expected.
IV Stability of circular orbits to zero and solving for r = R 0 , or by settingr =ṙ = 0 in (7). Both of these give
Usually, there are two methods of exploring the stability of circular orbits. The first is the standard second derivative test
In this case, however, this method leads to the incorrect result for q > 0, since it does not test the actual dynamical stability of the orbit but rather simply tests whether the potential has a minimum or a maximum. The true stability is tested by perturbatively disturbing the circular orbit and exploring whether it leads to an oscillation about R 0 or not. This is done by plugging r = R 0 + , where << R 0 , in (7), expanding and ignoring O 2 terms and higher, giving
This is of course the standard simple harmonic differential equation with angular frequency
The fact that ω 2 is positive for both q = ±1 indicates that the circular orbit is stable under small perturbations even for the case q > 0 where the potential is clearly upside down.
V Orbital geodesics
We now attempt numerical solutions to Eqs. 
and the initial radial velocity is calculated usinġ
where r i is the initial radius. All plots start at the horizontal axis, i.e. the initial angle is θ i = 0.
The results are collectively shown in Table 1 . Finally, the inner regions' geodesics can be shown to be closed by plotting their phase diagramṙ vs r. These are given in Fig. 3 . 
VI Radial geodesics
We now study the radial geodesics. The energy conservation relation (10) reduces tȯ
implying that radial geodesics with positive total energy E cannot exist inside the barrier r < R b (for the case q > 0 and the reverse argument for q < 0). Equation (20) leads to
the solution of which is
where
is the Gauss complimentary error function and
For positive values of q, the function χ is real only for negative f , which is true in the region r < R b . The square root ahead of (22) For each point we show outward (the solid lines:ṙ i > 0) and inward (the dashed lines:ṙ i < 0)
geodesics. The singularity r = R b appears naturally, causally disconnecting the inner and outer regions.
In the outer region the geodesics exhibit the expectedṙ behavior: outward curves seem to "slow down" as they move away from the brane, while inward curves speed up as they move toward the ring singularity. In the inside region, the curves speed up toward the ring singularity but slow down toward the central singularity r = 0. To clarify this, consider (20), this function is "symmetrical" about r = R b , in the sense that |ṙ| gets larger as it approaches r = R b and smaller as it moves away from it, in any direction, even toward the central singularity. This is yet another unusual property of this 2-brane. VII The universal hypermultiplet and the string frame
As shown in Ref. [13] , the 2-brane couples to two of the four scalar fields of the universal hypermultiplet, these being the dilaton σ and the 3-form gauge potential A 012 , while the two axions vanish.
The fields are σ (r) = − ln f (r)
Clearly, the dilaton σ only has real values in the regions (q > 0, r > R b ) and (q < 0, r < R b ),
i.e. regions where the metric is positive. However, the dilaton's field strength dσ exists everywhere and is singular at both r = 0 and r = R b , and the same is true for the 4-form field strength 
along with the first integralsṫ
For null geodesics, energy conservation leads to
where the effective potential is still defined by (11) . Consequently the geodesics in the string frame are similar to those in the Einstein frame and are still described, up to scaling factors, by the previous plots [Figs 2, 3 and 4.a] as can be easily checked.
Conclusion
In this work, we have studied the geodesic structure of a non-asymptotically flat 2-brane in D = 5
supergravity. This solution is one of two branes that arise as the dimensional reduction of Mbranes over a rigid Calabi-Yau manifold, the second of which we plan to explore in future work, although the fact that they have similar properties implies that they probably share similar geodesic structures (the second brane differs only in that it does not change signature). The brane's metric contains a logarithmic warp function f (r) that diverges at radial infinity. Although the curvature of the transverse space vanishes at infinity, it diverges on the brane (r = 0) as well as at the radial distance r = R b , the root of the logarithmic function. Hence there are two causally disconnected regions separated by a circular ring singularity. The warp function f (r) flips sign over the boundary of these two regions introducing an interesting behavior to the geodesics' energy conservation, in that the Newtonian effective potential is upside down in one of the regions as compared to the other.
Only negative energy geodesics can exist in one and positive energy geodesics in the other. The fact that the metric changes signature over this boundary raises all kinds of interesting questions as to the causal structure in the regions where there is more than one time dimension. This begs for further investigation in the future. It is also possible to argue, however, that such a signature change simply introduces a forbidden spatial region. So regions of the transverse space where the effective potential is inverted are nonphysical and nothing can exist there. This is further amplified by noting that the dilaton potential can only exist in regions where the brane carries the standard signature. On the other hand the fields do exist everywhere, and reanalysis in the string frame showed no difference from that in the Einstein frame. Again, due to the uniqueness of such non-asymptotically flat solutions and their relation to the dimensional reduction of M-branes, this begs for further investigation before any such conclusions can be firmly established. Furthermore, although the literature contains several solutions with non-asymptotically flat metrics (with or without vanishing curvature at infinity), there does not seem to be any work done on the geodesic structure of such solutions. This paper then fills an important gap. In the future, we also plan to investigate the geodesic structure of spacetime solutions of which the curvature does not vanish at an infinite distance from the source.
